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CONVERGENCE, STABILITY AND DATA DEPENDENCE FOR FIXED
POINTS OF GENERALIZED NONEXPANSIVE MAPPINGS WITH
APPLICATIONS

C. WANG!

ABSTRACT. In this paper, we construct the convergence and stability of iterative algorithms
for fixed points under a weaker condition of the generalized nonexpansive mappings in Banach
spaces. Some new data dependence theorems are also presented. Finally, our results are applied
to consider the existence, uniqueness and approximation of solutions for a class of nonlinear
fractional differential equations.
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1. INTRODUCTION

Let K be a nonempty, closed and convex subset of a Banach space X, and T : K — K is a
self mapping. Fix(T) = {x € K : Tz = x} is the fixed point set of T'. The mapping T is called
contractive if there exists a real number k € [0,1) such that

[Tz =Ty < kllz -yl (1)

for all z,y € K. If k = 1 in (1), then T is said to be nonexpansive. The mapping T is called
generalized nonexpansive if there exist five real numbers a, b, ¢, d, e € [0, 1] such that

|72 — Tyl < alle -yl + bl — Tall + clly — Tyll + dlle — Tyl +elly—Tall  (2)
for all z,y € K.

Remark 1.1. (i) Letb=c=d=e=0 and a < 1 in (2), then T is a contractive mapping.
(ii)) Letb=c=d=e=0 and a =1 in (2), then T is a nonexpansive mapping.

The Banach contraction theorem tells us that any contractive mapping has a unique fixed
point and the Picard iterative algorithm [17] converges to the fixed point. However, Picard
iterative algorithm often fails to converge to fixed points of nonexpansive mappings. So, many
authors constructed various iterative algorithms to weakly or strongly converge to fixed points
of nonexpansive mappings, for example, the Mann algorithm [15], the Ishikawa algorithm [9],
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the Noor algorithm [23] and etc. Independent of these algorithms, in [1] introduced a two-step
iterative algorithm:

xg € K,

Tnt1 = (1 - an)Tl'n + anTyn, (3)
for all n > 0, where {a,}, {Bn} C (0,1,) the authors proved that the iterative algorithm
(3) converges faster than many other algorithms to fixed points of nonexpansive mappings.
Furthermore, in [19] designed a three-step iterative algorithm:

xg € K,

Tp4+1 = (1 - an)T-I'n + o, Ty,

Yn = (1 - /Bn)zn + /BnTZna

Zn = (1 - ’Vn)xn + Iz,

(4)

for all n > 0, where {an}, {An}, {7} C (0,1). Under some conditions on coefficients {a,},
{8} and {v,}, they showed that the iterative algorithm (4) converges better than the iterative
algorithm (3) to fixed points of contractive mappings.

In 1973, in [8] proved that if

at+b+c+d+e<l, (5)

then the Picard iterative algorithm converges to a unique fixed point of generalized nonexpan-
sive mappings in complete metric spaces. And then, in [21, 22] used the Krasnoselskii iterative
algorithm [11] to approximate the common fixed point of a pair of generalized nonexpansive
mappings in complete convex metric spaces and uniformly convex metric spaces. In [12] inves-
tigated the convergence of the iterative algorithm (4) for generalized nonexpansive mappings
with

a+2b+c+2d+3e<1 (6)

and some conditions on {a,} and {f,}. Inspired by [6, 12], in [14] studied the stability and
data dependence of the iterative algorithm (4) for contractive mappings in Banach spaces with
some conditions on {ay,}, {fn} and {7,}. Very recently, without any condition on {a,}, {fn}
and {7}, in [7] reproduced the results in [12, 14], they gave some convergence theorems of the
iterative algorithm (4) for contractive mappings and the iterative algorithm (3) for generalized
nonexpansive mappings with the condition (6), respectively. Meanwhile they discussed the
stability of the iterative algorithm (4) for contractive mappings, data dependence results of the
iterative algorithm (4) for contractive mappings, and the iterative algorithm (3) for generalized
nonexpansive mappings with

a+2b+2c+3d+3e<1 (7)

were also established.

The purpose of this paper is to improve many known results as the following four aspects:

(i) In Section 2, we consider convergence theorems of the iterative algorithms (3) and (4)
for generalized nonexpansive mappings with the weaker condition (5) (it is obviously that the
generalized nonexpansive mapping given in Example 3.1 satisfies the condition (5), but does not
satisfy the condition (6) or (7) ). Based on convergence theorems in Section 2, we discuss the
stability of the iterative algorithms (3) and (4) for generalized nonexpansive mappings without
any condition on {ay,}, {6,} and {v,}.
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(ii) In Section 3, we study data dependence results of the iterative algorithms (3) and (4) for
generalized nonexpansive mappings, which give some much better upper bound estimates.

(iii) In Section 4, based on the theorems in Section 2 and Section 3, we discuss the existence
and uniqueness of solutions for a class of nonlinear fractional differential equations. Meanwhile,
we use the iterative algorithm (4) to approximate a unique solution.

Next, we recall some concepts and results.

Definition 1.1. [5] Let T : X — X be a self mapping. For arbitrary xo € X, the sequence {xy}
1s produced by

Tpp1 = f(T, ) (8)

for all m > 0. Assume that {x,} converges to a fixed point p of T. For any sequence {y,} C X
and set

€n = d(y'n-i—la f(T7 yn)>

for alln > 0. We say that the iterative algorithm (8) is T—stable (or stable with respect to T')
if and only if

lim e, =0 if and only if lim y, =p.
n—00 n—00

Definition 1.2. [5] Let T,T : K — K be two self mappings. Then T is called an approzimate
operator of T if there exists an € > 0 such that

| Tz — Tz| < e
Lemma 1.1. [5] Suppose {an} and {b,} are two nonnegative real sequences satisfying
apt1 < dan + by,n >0,

where 6 € [0,1] and lim b, =0. Then lim a, = 0.
n—oo n—o0

2. CONVERGENCE AND STABLILITY RESULTS

In this section, we will establish the convergence and stability of the iterative algorithms (3)
and (4) for generalized nonexpansive mappings.

Theorem 2.1. Suppose T': K — K 1is a generalized nonexpansive mapping with the condition
(5). Then the sequence {x,} defined by the iterative algorithm (4) converges to the unique fized
point p of T'.

Proof. From Theorem 1 in [8], we know that 7" has a unique fixed point p and for any y,z € K,
[Ty — Tz| < ally — =[] + blly — Tyll + cllz — Tz|| + dlly — Tz|| + el|x — Tyl

Combining formula (2), we know that

b+c d+e
1Tz =Tyl < allz =yl + ——[llz = Tzl| + ly = Tyll] + —— [l = Tyl + ly — T[]
Therefore,
[Tz —pl| = [Tz — Tpl|
b+c d+e

< allz = pll + == [lz = Tzl + llp = Tp|] + —— [ll= = Tpll + [lp — Tz|]

b+c d+e
< alle —pll+ 25 o =l + llp — Tl + L5 e — il + o — T
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which implies
b+c d+e
a+ e 4 dhe
[Tz —p|| < ﬁh —pll =0z —pl|,
2 2
where 0 = %. It follows from the condition (5) that § € [0,1). By the iterative
algorithm (4), we have

2o —pll = [(1=y0)Tn + 9 Ton —pll < (1—=yn) |20 =2l +mOllzn —pll < [1—30(1 = 0)] |20 —pl

(9)
and
lyn —pll = I(1 = Bn)zn + BuTzp — pll < [1 = Bull = )] |2 — p|- (10)
Inserting (9) into (10), we obtain
”yn - p” < [1 - ﬁn(l - 9)] ’ [1 - 771(1 - 0)} Hxn - p” (11)
By (4) and (11), we get
|2n+1 —pll = (1 = o) T2 + anTyn — pl|
< (1= an)fllzn — pll + anbllyn — p|
< 9{1 —ap+ay [1 - Bn(l - 6)] : [1 - ’Vn(l - 0)]} Hwn _pH
<4 [1 — apn(1—0) — anfn(1 —0) + apBryn(l — (9)2] |z — pl| (12)
<01 = anfurm(l = 0)*] [lzn — pl- (13)
Notice that 1 — a8, Vn(1 — 0)? < 1. Then
[#n+1 = pll < Oflan —pll,
which implies
lzns1 = pll < 8" H|zo — pll. (14)
Taking limit on both sides of (14), we have
Jim |z —pll =0, (15)
i.e. {z,} converges to the unique fixed point p of T'. O

Remark 2.1. Theorem 2.1 extends some results in [8, 10-12, 21, 22], and Remark 1.1. in [7]
and Theorem 4.5. in [14] to the case of generalized nonexpansive mappings.

Corollary 2.1. Suppose T : K — K is a generalized nonexpansive mapping with the condition
(5). Then the sequence {x,} defined by the iterative algorithm (3) converges to the unique fized
point p of T.

Proof. Let v, = 0 in (12). Then we also have

[Znt1 = pll < Oljzn = pll.

Similar to the proof of Theorem 2.1, we know that {z,} converges to the unique fixed point p
of T. O

Remark 2.2. Since we replace the condition “a+2b+c+2d+3e < 1” by "a+b+c+d+e < 17,
Corollary 2.5 improves Remark 2 in [7] and Theorem 3.1 in [12].
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Example 2.1. Suppose K, X and T are defined as Example 2 in [7]. From [7], we know that T’
is a generalized nonexpansive mapping with

B gl
T a1 -29) c=n 1- 24
By Theorem 2.1 and Corollary 2.1, if
2
a+b+c+d+e= B + i <1,

a(l—2y) 1-2y

1 g
T<7 <1 - a> ;
then the iterative algorithms (3) and (4) both converge to the fixed point z.(¢t) of T In this
case, for fixed a and 3, we can choose more real numbers v and p than [7]. Indeed, v must
satisfy v < % < - g) in [7].
Now, we will show that the iterative algorithms (3) and (4) are both stable with respect to
generalized noneexpansive mappings with the condition (5).

l.e.

Theorem 2.2. Suppose T : K — K is a generalized nonexpansive mapping with the condition
(5). Then the sequence {x,} defined by the iterative algorithm (4) is T— stable.

Proof. From Theorem 2.1, {z,} converges to the unique fixed point p. Assume that {u,} is an
arbitrary sequence in K. Define

€n = ||unt1 — (1 — an)Tup — a Ty ||,
v = (1 = Bp)wn + BnTwn, (16)
wp, = (1 = yp)tun + YT Uy,

(i) Let lim €, = 0. Then we get

n=s00

[tn1 = pll < (1 = an)Tun + anTvn — pl| + €n. (17)
Similar to the proof of (13), from (16), we have

(1 = @) Tun + @nTvp = pll <0 [1 = @nfpya(l = 6)*] |lun —pl|
< Ollun —pll (18)
By (17) and (18), we obtain
[tnt1 = pll < Oljun — pl| + €n.
It follows from Lemma 1.1 that nlg]go |unt1 —pl =0, ie. nhﬁrgo Uy = P.
(ii) Conversely, assume that nhﬁ\ngo Un = p. Then
0<ep=|tuns1 — (1 —an)Tuy, — a,Tuy,||
< lunr = pll + ljun = pll;

which implies ILm €, = 0.

n

o
From (i), (ii), and Definition 1.1, we know that {z,} is T— stable. O

Remark 2.3. Theorem 2.2 extends Theorem 4 in [7] and Theorem 4.6 in [14] to the case of
generalized monexpansive mappings.

Corollary 2.2. Suppose T : K — K is a generalized nonexpansive mapping with the condition
(5). Then the sequence {x,} defined by the iterative algorithm (3) is T— stable.
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Example 2.2. Let K = [0,1] C X =R, define a mapping 7' : K — K by

T — %x, x €[0,1/2],
=191
ﬁm7 HAS (1/27 1]7

It is obvious that 7' is a generalized nonexpansive mapping with

2 1

So,a+b+c+d+e= g < 1. By Theorem 2.1, we know that the iterative algorithms (3) and
(4) both converge to the fixed point p = 0. From Theorem 2.5 and Corollary 2.2, the iterative
algorithms (3) and (4) are both T— stable.

In order to reflect the stability of the iterative algorithms (3) and (4) from the numerical
point of view, we set

In+1 3 1 1
o,y = g _— = Uy = ——mm—.
n "Yn n+27 n n+37 n (n+2)2

Obviously, we have {an}, {Bn}, {7} C (0,1) and {u,} C K. Iteration results of {€}} (i = 1,2)
are shown in Fig.1, where {el} is given by the iterative algorithm (3) and {2} is given by the
iterative algorithm (4).

010
Algorithm (3)

LA | Algorithm (4) | 7
008 [k

0.07

006

n

== 0.05
0.04 [ |
003+
0.0z

0.0l

0.00 : — : - E———

Figure 1. Tteration results of {¢,} with {u,}.

Figure 1 shows that lim €, = 0 for i = 1,2. Therefore, the iterative algorithms (3) and (4)

n—oo
are both numerically stable.

3. DATE DEPENDENCE RESULTS

In this section, we will study the dependence of the iterative algorithms (3) and (4) for
generalized nonexpansive mappings.

Theorem 3.1. Suppose T is defined as Theorem 2.1. Let T be an approzimate mapping of T
with error € > 0. Let {x,} be an iterative sequence defined by the iterative algorithm (4) and



C. WANG: CONVERGENCE, STABILITY AND DATA DEPENDENCE FOR ... 143

construct an iterative sequence {Z,} as follows

To € K,
Fnp1= (1 —an)T, + T i, 19)
Un = (1 - Bn)gn + Bn Tz,
Zn = (1= v)in + 1 Tin
foralln>1. If Tp=p and Tp = p such that nh—{%oj" =p, then
-l < (755
where § = 2athtetdre ¢ g 1),
Proof. From Theorem 2.1, 7’L11—>II;O zn = p. By (4), (11) and (19), we obtain
21 = Enpall = (1= @) Tn + anTyn — (1 = @) TEn — an Tl
< (1= op)|Tzn — Tjn” + an|Tyn — TgnH
< (1 —ap)lTxn — TZn|| + (1 — an)e + anl|Tyn — TOn|| + ane
= (1= an)|[Ten = Tinll + anl|Tyn — Tl + €, (20)
(1= an)|Tzy = Tonl| < (1 = an)[Ten — pll + (1 — )| TZn — p
< (1= an)flzn — pll + (1 — an)f||Z, — pl|
< (1= an)0llzn —pll + (1 — an)0|Zn — [ + (1 — an)fllp — 5ll, (21)
and
all T = Tgiall < anl T — ol + all TG — pl
< anf|yn — pll + anb||gn — p|
< 00 [1 = Bu(1 = 0)] - [ = 7a(L = 0)] g — pll + €0 - |7 — p (22)
Notice that
[9n —plIl = I(1 = Bn)zn + angn =7l
< (1 =Bu)llzn —pll + Bangn = T%, + T2, —p|
< (1= B+ Bnb)llZn — pll + Bre
< (1= B+ BB (L = 7 + 7100 [F0 — 51l + (1= 7 +730)Ip — 7
+ V€] + Bne
< (1 =Bn+Bnb) - (1 = v+ mb)[|Zn — Pl + (1 = B + Bnd)
X (L= +vn0) - [[p = Bl + [Bn + (1 = Bn + Bnb)] - €. (23)

Then, by (20)-(23), we have
[#n41 = Tnga|| < [0 — anb + anb(1 = Bn + Bnl) - (1 — v + b)] [lzn — pl|
+ 10 — and + (1 — B + Bnb) - (1 = W + b)) [|Zn — B
+ [0 — and + and(1 = B + Bub) - (1 =y + )] lp — Bl
+ [1 4+ anfBnb + anyn(1 — By + 5n0)0] € (24)
< Ollzn — pll + 0l|Zn — pll + 0llp — Bl + (1 4 20)e. (25)



144 TWMS J. PURE APPL. MATH., V.16, N.1, 2025
Taking limit on both sides of (25), we get
lp =2l < 0llp— Bl + (1 +20)e,

which implies

- 1426
— <
-l < (T55)

O

Remark 3.1. (i) Theorem 3.1 extends Theorem 6 in [7] and Theorem 4.7 in [14] to the case of
generalized nonexpansive mappings.
(ii) From (24), if lim «, =0, then we can get
n—oo

1
—pll < | —— Je.
lp p||_<1_0>6

Corollary 3.1. Suppose T is defined as Theorem 2.1 and T is an approzimate mapping of T
with error € > 0. Let {x,} and {Z,} be two iterative sequences constructed by the iterative
algorithms (8) and (19) with v, = 0. If Tp = p and Tp = p such that lim Z, = p, then

n—oo

_ 1+6
_ < -
lp =5l < <1 9> €,

Proof. Similar to the proof of Theorem 3.1, let 7, = 0 in (24), we have

2a+b+c+d+e
2—b—c—d—e € [0’ 1)

where § =
|Zn+1 — Zntal| < Ollzn — pll + 0[|Zn — Bl + 6llp — Bl + (1 + O)e.

Taking limit on both sides of the above inequality, we obtain
- 1+6
—all < | /L ) e,
lp =l < <1_9> €

Remark 3.2. Since we replace the condition "a+2b+2c+3d+3e < 1”7 by a+b+c+d+e < 17,
Corollary 3.1 improves Theorem 8 in [7] and Theorem 4.1 in [12]. And Corollary 3.1 gives a
much better estimate of upper bound for ||p — p||.

O

Example 3.1. Suppose T and T are defined as Example 4.2 in [12] with

1 2 3
CL—%, b—d—%, C—O, d—%
In this case, a+b+c+d+e=0.16 < 1. In [12], it gets the following estimate
|z* — &[] < 0.75596, (26)

where z* is the fixed point of T, Z* is the fixed point of T and
|l* — z*|| = 0.288347, € = 0.314986.

By Corollary 3.1, we obtain another estimate

+ 2a+bb+c+dd+e
2—b—c—d—e ~
e €~ 0-38248. (27)
2—b—c—d—e

la* = &7 <

which is better than the estimate (26).
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Example 3.2. Suppose T and T are defined as Example 5 in [7] with
b=e=0, c=d=0.05.
In this case, a+b+c+d+e=0.7< 1. In [7], it gets the following estimate
|24 (t) — Z4(t)||oo < 0.00386, (28)
where z,(t) is the fixed point of T'(z(t)), Z(t) is the fixed point of T'(z(t)) and
2:(t) — Z4()]|oo = 0.0009658, ¢ = 0.0005.

By Corollary 3.1, we obtain another estimate

1+ 2a+bb+c+dd+e
~ 29— b—c—d—
(8) = #(B)loe < Ty - © ~ 0.00267. (29)
2—b—c—d—e

which is more effective than the estimate (28).

4. APPLICATIONS

Recently, many authors [2-4, 6, 13, 16, 18, 20] have used fixed point theorems and iterative
algorithms for nonlinear mappings in different spaces to study the existence, approximation,
and stability of solutions for various fractional differential equations and integral equations. In
this section, by using Theorem 2.1 and Theorem 3.1, we consider the solution of the following
nonlinear fractional differential equation [4]:

D%%(t) 4+ DPx(t) = f(t,x(t)), tel0,1], 0<f<a<l (30)

with boundary value condition x(0) = z(1) = 1, where f : [0,1] x R — R is a continuous

function, and D? denotes the Caputo fractional derivative of order p, which is defined by
L/ 1)

_— t—s8)" P h ™ (s)ds

where h : [0,+00) — R is a continuous function and n — 1 < p < n,n = [p] + 1. The Green

DPh(t) =

function of (30) is given by
G(t) =t 1B, g(—t*P).

Let X = C([0,1],R) be a set of real continuous functions defined on [0, 1] with the Bielecki
norm

lu = ]| = maze y{lult) — v(t)le ™} (31)

where u,v € X and A > 0 is a constant. In this case, (X, || -||) is a Banach space. We know that
z(t) € X is a solution of (30) is equivalent to x(¢) € X is a solution of the integral equation

z(t) = /0 G(t—s)f(s,z(s)) ds (32)

for any t € [0, 1]. By denoting

(Tz)(t) = /0 G(t—s)f(s,z(s)) ds (33)

for any t € [0, 1], we can write (32) as the fixed point form Tz = =.
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Theorem 4.1. Suppose there exist nonnegative real constants A, B,C, D and E such that

|f(t, 1) — f(t, 92)| <A|p1 — @o| + Blor — Tp1| + Clpa — Tpo|
+ Dlp1 — Tpa| 4 Elpa — Ty (34)

for any t € [0,1] and @1, 92 € R, where
A+B+C+D+E <) (35)

Then
(i) the fractional differential equation (30) has a unique solution in X.
(ii) let xo(t) € X, the iterative algorithm (4) converges uniformly to the unique solution and

(4) is T-stable.

Proof. By (33) and (34), for any o1, 92 € X, we get

[Te1 = Tepa| < /G(t— s) - 1f(s,¢1(5)) = f(s,02(s))] ds
0

G(t —s) - [Alpr — p2| + Blor — To1| + Cloz — Tpa|

< — - [Aller — @2l| + Bllor = T || + Cllpa — Tepn||

+ D)1 — Tpa| + Elpa — Tp1]]

IN
Q"—* O\w

t
< /G(t — ) - [Al1 — p2le™ + Blpy — Tp1]e™ + Clpa — Tipole™
0

+ Dlpr — Tpale™ + Elpz — Tipr]e™ ] - (36)

Note that sup,cp ) fy G(t — s)ds < L ([4]). By (31) and (36), we have

I

T — Tz| < " Allpr — 2| + Bllo1 — To1]| + Cllpz — Tpa|| + D|¢1 — Tpa|

t
+mwrﬂwmy/emw
0

1
< —[Allp1 - 9]l + Blig1 = Tgrll + Cligz — Tall + Doy — Ton|
eAt
+ g2~ Torll]- -

which implies

1
|Tp1 — Tl < SVl [Allp1 — @2l + Bllor — Ter]| + Cllo2 — Tes||
+ D1 — Tp2|| + Elj@2 — To1]|].

From the condition (35), we know that the mapping 7' : X — X is a generalized nonexpansive
mapping with the condition (5). It follows from Theorem 2.1 that 7" has a unique fixed point
x*, i.e., the fractional differential equation (30) has a unique solution z* € X. According to
Theorem 2.1 and Theorem 2.2, it can be inferred that the iterative algorithm (4) converges
uniformly to the solution and the algorithm is T-stable. U
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Remark 4.1. Based on the values of parameters A, B, C, D and E, we can choose an appropriate

real number A such that
S A+B+C+D+FE

a

A

Corollary 4.1. Suppose f is an L-Lipschitz function with respect to the second variable, i.e.,

‘f(tagol) - f(tv(P2)’ §L|§01 - 902‘

for any t € [0,1] and 1,92 € R, where 0 < L < Aa. Then the iterative algorithm (4) converges
uniformly to a unique solution of the fractional differential equation (30) and (4) is T-stable.

5. CONCLUSION

The purpose of this paper is to discuss the convergence, stability and data dependence of gen-
eralized nonexpansive mappings with the condition (5). We mainly use the iterative algorithm
(4) to approximate fixed points for the mappings, and established some convergence, stability
and data dependence theorems, which are more general than other previous results. Further-
more, we have presented some numerical examples to illustrate our conclusions. Moreover, using
our fixed point theorems, we study the existence and uniqueness of solutions for a class of non-
linear fractional differential equations and provide an effective iterative algorithm to approach
a unique solution.
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